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p • Abstract 

\ We consider the ground state of supermembrane on the maximally supersymmetric pp-wave 

background by using the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. In the pp- 
wave case the ground state has non-trivial structure even in the zero-mode Hamiltonian, which 
is identical with that of superparticles on the pp-wave and resembles supersymmetric harmonic 
oscillators. The supergravity multiplet in the flat case comes to split with a certain energy 
difference. We explicitly construct the unique supersymmetric ground-state wave function 
of the zero-mode Hamiltonian, which is obviously normalizable. Moreover, we discuss the 
nonzero-mode Hamiltonian and construct an example for the ground-state wave function with 
a truncation of the variables. This special solution seems non-normalizable but its L^-norm 
can be represented by an asymptotic series. 
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1 Introduction 



Recently, strings and M-theory on the pp-wave have been greatly focused on. The maximally 
supersymmetric pp-wave background in eleven dimensions |I| (KG solution) is one of the can- 
didates for M-theory background. This background is achieved from the geometry of AdS^ x 5"^ 
or AdSr x S*^ via the Penrose limit [||. Similarly, the maximally supersymmetric type IIB 
pp-wave background was found on which the string theory is exactly solvable 0,1^,01 • More- 
over, this string theory was used in the context of the AdS /CFT correspondence between the 
string spectra and the operators in Yang-Mills side [§. 

Furthermore, the matrix model on the pp-wave was proposed in Ref. §]. Originally, its 
action is obtained from the study of superparticles. In the flat space, the supermembrane 
theory |^,[Ty,[TI[] leads to the matrix model through the matrix regularization []TT|, which is 
considered as a candidate for M-theory |[12|. Following the same procedure, the matrix model 
on the pp-wave can be also obtained from the supermembrane |jl3[ . It was also shown that the 



superalgebra of the matrix model agrees with that of the supermembrane as in the flat 
case [ll5[ . 

In our previous works, we studied the supermembrane on the pp-wave from several aspects. 



In Ref. [16] we investigated BPS conditions of the supermembrane. The BPS states in the 
matrix model on the pp-wave have been intensively studied [ffTi- 1^ ^-Iso shown in Ref. H 
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that the giant graviton as a classical solution can exist due to the presence of the constant 
R-R flux Then, in particular, we showed the quantum stability of the giant graviton 

(supersymmetric fuzzy sphere solution) and instability of the non-supersymmetric fuzzy sphere 
solution in Ref. |jl9[. As well as by our work, the classical solutions in the matrix model have 
been widely investigated [|20|. Moreover, in Ref. we also derived the less supersymmetric 
background with 24 supercharges from the KG solution and studied the type IIA string from 



the supergravity analysis and the double dimensional reduction P2[. Furthermore, we also 



investigated matrix string theories. The supersymmetries of the above type IIA string were 



initially discussed in p3 



In this paper we will continue to study the supermembrane on the pp-wave and consider the 
ground-state wave function of the supermembrane on the pp-wave by the use of the quantum- 
mechanical procedure of de Wit-Hoppe-Nicolai [|11|] . It is well-known that a single supermem- 
brane in the fiat space is unstable [|^. This instability is inherently based on the continuous 
spectrum of this system. However, the action of the supermembrane (or matrix model) on the 
pp-wave contains the bosonic and the fermionic mass terms and the Myers term, and hence it 
would be possible to expect that the spectrum of the system might be discrete or that a single su- 
permembrane might be stabilized. Thus, it would be very interesting to study the ground state 
or spectrum of this system. To accomplish this, the complex-spinor notation {SpiniJ) x f/(l) 
formalism) will be introduced. We calculate the superalgebra of complex supercharges. Then, 
we will investigate the zero-mode Hamiltonian of the system, whose spectrum is non-trivial in 
contrast to the fiat case. This system is identical with the abelian matrix model describing 
the motion of superparticles on the pp-wave. The Hamiltonian resembles the supersymmetric 
harmonic oscillator but the supercharges do not commute with the Hamiltonian. The super- 
gravity multiplet 128 (boson) + 128 (fermion) in the fiat space comes to split non-trivially. 
As a result, a unique supersymmetric ground state is left, and all the other states are lifted up. 
Also, we show that the zero-mode Hamiltonian is positive definite and explicitly construct the 
ground-state wave function for the zero-mode Hamiltonian. It is represented by the product 
of the ground states of the bosonic harmonic oscillators and the fermionic variables. For this 
ground state, both the orbital and the spin angular momenta of 50(3) x 5*0(6) vanish. 

Furthermore, we investigate the nonzero-mode Hamiltonian and its ground-state wave func- 
tion. For example, by truncating the variables, the supersymmetric ground-state wave func- 
tion is explicitly constructed in the SU{2) matrix model case. This ground state seems non- 
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normalizable, but its L^-norm can be represented by an asymptotic series with respect to 
The zeroth order term corresponds to the kinematical contribution to the ground state, while 
the corrections with the powers of are related to the dynamical contributions arising from 
non-diagonal elements of matrix variables. In the IR region, the matrix variables are restricted 
to the abelian part. From these considerations, it might be understood that the dynamical 
effect tends to spoil down the normalizability of the zero-mode ground state as the system 
flows from the IR region to the UV one, at least in our example. 

This paper is organized as follows. In section 2 we introduce the complex-spinor notation by 
following the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. Section 3 is devoted to 
the study of the zero-mode Hamiltonian of the system. We can obtain the spectrum, and con- 
struct the unique supersymmetric ground state. Also, the positive definiteness of the zero-mode 
Hamiltonian is shown. In section 4 we discuss the nonzero-mode Hamiltonian and construct an 
example of the ground-state wave function with the truncation of the variables in = 2 case. 
Its L^-norm can be represented by an asymptotic series. Section 5 is devoted to conclusions 
and discussions. In appendix, we discuss that the ground state of the zero-mode Hamiltonian 
is an S0{3) x S0{6) singlet. 

2 Supercharges and Superalgebra 

In this section, we shall start with our setup and introduce the complex-spinor notation 
{Spin{7) X f/(l) formalism), which is convenient to study the ground state in later sections. 
We will also obtain the complex representation of the superalgebra. 

2.1 Setup 

The Lagrangian of the supermembrane on the KG background in the light-cone gauge is written 
in terms of an 5*0(9) spinor ip as 

1=1 l'=A 

3 

E e..KX-{X^X^} + ^V^V{^^ V^} + #"^r^ + ^^^"W- (2.1) 

I,J,K=1 
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Here "r" is the time coordinate on the worldvolume and { , } is Lie bracket given using an 
arbitrary function w{a) of worldvolume spatial coordinates a"" (a = 1,2) 

{A,B} = -e'^'daAdbB, (a, 6 =1,2). 
w 

with da = Also this theory has large residual gauge symmetry called the area-preserving 
diffeomorphism (APD) and the covariant derivative for this gauge symmetry is defined by a 
gauge connection u 

DrX' = drX' - {to, X'} . (2.2) 

The original symmetries cannot be manifestly seen in the light-cone gauge, but the Lagrangian 
( p.l|) still has residual supersymmetries, 

S.X"- = 2V^Ve(r), S.LU = 2V^^e(r), 

= -iDrX'^re{T) + X^}7r.se(r) (2.3) 

3 9 

+ 3^X]"^'^^^i23e(r) - |z^X''7,/7i23e(r) , 

1=1 I'=4 



exp (y^7i23T") eo (eo : constant spinor). 



These transformation rules are 16 linearly-realized supersymmetries on the maximally super- 
symmetric pp-wave. In taking the limit /i — 0, we recover the supersymmetry transformations 
in the fiat space. In the context of the eleven- dimensional supersymmetries, these correspond 
to the dynamical supersymmetries. The Lagrangian (|2.1| ) has another 16 nonlinearly realized 
supersymmetries, 

= 0, 6r,UJ = 0, 

S,i; = rj{T) , (2.4) 
t]{t) = exp (^-^7i23rj ?7o, (?7o : constant spinor), 

which correspond to the kinematical supersymmetries in the eleven-dimensional theory. 

In our previous work [l^ , we derived the supercharges and superalgebra of the supermem- 



brane theory on the pp-wave background using the 5*0(9) formalism. The supercharges for 
the dynamical supersymmetries and Q~~ for the kinematical supersymmetries are obtained as 
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Noether charges 



I' =4 



where ipQ is the zero-mode of ip and we used the normahzation with J (Paw{a) = 1. 
By the use of the Dirac brackets, 

{X^,D,X,}^, = -6:6^'\a-a'), 
w 



the superalgebra can be calculated and we obtain the following results 



1=1 



a/3 



/'=4 



-I a/3 



+f E ^o" (7. 



7i 



lap 



It 



Ial3 



I,J=1 
3 



i-',j'=4 
9 



Q/3 



:2.5) 



(2.6) 



(2.7) 
(2.8) 



(2.9) 
(2.10) 



(2.11) 



where we omitted the central charges since these are not discussed in this paper. Here if 
describes the constraint condition, 



^ = wiw-^P"^, X''} + iw{^lj^, ^p} 



(2.12) 
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The = wDrX^ and Sa = iwip'^ are canonical momenta of the and ip, respectively. The 
M'-' and M''''' are defined by 

1 



x'p' - p'x' - -SY'i^ , 



and the 5*0(3) x 5*0(6) Lorentz generators Mq"' and Mq-'' are given as 

They satisfy the 5*0(3) x 5*0(6) Lorentz algebra, 

{Mo", Mo^'^Idb = S^^M^"- - 5"^M^" - + 5"Mo'^ 

The zero-modes of P^'{= wDrX"^) and X*" are written by 

Po" = JcfawD^X', Xo" = J(fawX\ 
Also, the Hamiltonian H is given by 



(2.13) 
(2.14) 

(2.15) 
(2.16) 

(2.17) 
(2.18) 

(2.19) 



H 



d aw 



^ ^ 7=1 /'=4 

3 



(2.20) 

/, =1 

In the next section, we will introduce the complex spinor notation in order to study the ground- 
state wave function. 



2.2 Spin{7) x f/(l) Formalism 



Here we shall introduce the Spin{7) x f/(l) formalism following Ref. [jTTl. Hereafter, we use 
the decomposition of the 5*0(9) gamma matrices into the 5*0(7) ones as follows: 



7i 



-^r, 

iTi 



, (^ = 1, . . . , 7) 



(2.21) 



78 = Is ® (Tl 



Is 
Is 



, 79 = Ig (g) (T3 



Is 
-Is 



The above 5*0(7) gamma matrices satisfy the following relations: 

(r,)t = r,, (r,)- = -r,, (r,)* = -r,. (2.22) 

To begin, let us decompose the real 16-component 5*0(9) spinor into two real 8-component 
spinors ij)^'^^ and which are eigenspinors for the chirality matrix 79 defined by 

79^^^^^ = (±1) ■ ^A^^^ . (2.23) 

In this time we can express eigenspinors as ip^a'^ = ipa and ^/'^ ■* = ip^+p {a, (3 = 1, . . . , 8). 
Here, we shall introduce a complex spinor A defined by 

A„ = (a = l, ...,8), (2.24) 

that is, we express the real 16-component 50(9) spinor as a single 8-component complex spinor 
A. This complex spinor is linearly-realized under the 50(7) x U{1) transformation, which is 
the subgroup of the original 5*0(9). The following expression 

^ ^ c-o - K-.n,) 

is also useful for rewriting the supercharges. 

The bosonic coordinates and are combined into a complex coordinate 

Z = -^{X^ + tX^), (2.26) 

which transforms linearly under the U{1) subgroup. The canonical momentum for Z is given 
by 

V = ^(P^-zP9). (2.27) 
V 2 

By the standard procedure, the Dirac brackets for these variables are given by 

{X\T,a),P^iT,a')U = S''S^'\cr-a'), (z, j = 1, . . . , 7) , 

{Z(r,a),P(r,a')}oB = S^'\a - a') , (2.28) 
{X^{T,a),Xl{r,a')},, = --6^^6'''\a - a') , (a, /3 = 1, . . . , 8). 

Next, let us rewrite the supercharge in terms of the complex spinor A. We decompose 
the supercharge into (Q^)*-^-* as 

'(g+)w^ 



and define the complex supercharge Q by 



(2.29) 



Thus, after straightforward calculation, we can obtain the expression of the complex supercharge 
as 



Q 



PT, - lw{X\ X^}T,, + w{Z, Z] 
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1=1 



m=4 



and its complex conjugate is given by 

Qt = _ /"rfVe-^r-^^ 



PTi + -w{X\ X^}r,, + 2} 
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7=1 



m.=4 



-V2i{v + t/7{x\ z}r, - |u;zri23) a 



The superalgebra of these complex supercharges is computed as follows: 

7 „ 

i{Qa, g^DB = ^^y, (r^ri23),^ - 2v^z / (etri23 A 



7 ^ 

^{QLqI^Idb = J]Mo— (r^ri23)„^ + 2v^z /dV<^z(e-tri23^)^ 

m=4 



f E (r/^ri23) 



i,.j=i 

3 



m,n='i 1=1 ^ 

7 ^ 

+2 J] /dVv9X^(r™e-tri2^^) , 



Q/3 



(2.30) 



(2.31) 



(2.32) 
(2.33) 
(2.34) 



where the zero-modes of angular momenta Mq"', M^^"", M,^^ and Mq^ are rewritten in terms 



of the complex notation as follows: 





= [ (fa M" , 
J 


M" = 


2 


(2.35) 


Mo™" 


J 




2 


(2.36) 


u 


= [ d^a M™+ , 
J 






(2.37) 








= V2 [X'^P - P'^Z) - ^wA^r„A^ , 


(2.38) 






= 


i {ZV - ZV) + (AU - AA^) . 


(2.39) 



In the above superalgebra, the Hamiltonian H is given by 

2 



H 



daw 



1 /P' 

2 W 



w^'\V\' + ^ {X\ X^Y + \{X\ Z}\' + Z}p 



1 f fi^ 
2 



1=1 



m=4 



/, J.if =1 



(2.40) 

The constraint condition is also expressed by 



iXr,{X\ At} - — {X{Z, A} - At{Z, At}) - ^^AFissAt 



"V = {wi"'P\X*} + {«;-^P,Z} + {«;-^P,Z} + z{A,At} 



(2.41) 



When we contract the spinor indices a and f3, the Hamiltonian is represented with the above 
supercharges as 

1 



H = -i{Qa,Qi}, 



16 



(2.42) 



Now, we shall move to a matrix representation by replacing the variables with matrices, 
according to: 



d'^aw{a) 
{, } 



In this case, the Hamiltonian is rewritten into 
H = iVTr 



i ^pf + vv-\ [x\ x^] ' + 1 [x\ z]\' + \\[z,z] 



^1 1 2 



7=1 m=4 I.J,K=1 



-Ar, [X\ At] + —I (A [Z, A] - At [Z, At]) - z^AFissAt 



(2.43) 



where the canonical momenta are redefined by P' = D^X^^ V = D^Z^ V = D^Z. The variables 
are expressed by the U{N) generators T"^ (A = 0, 1, ... , A^^ — 1, = 1) as follows:^ 



A. 



A=l A=l 

Zol+ Y ^aT"", V = Vo1+Y 

A=l A=l 



(2.44) 
(2.45) 
(2.46) 



A=l A=l 

Also, the U{N) generators {A = 0,1, . . . , — 1) satisfy the following relations: 

1 



:5 



N 



where the structure constant /abc is a completely antisymmetric tensor satisfying /qab = 0. 
Now, the Dirac brackets are replaced with the following ( ant i-) commutation relations 



[X'a^P's] = i5''5ab. (z,j = 1, ...,7) 
[Za. Vb] 



[Za, Vb] = i^AB , 



(2.47) 



|A/i„, At 



(«,/? = !,..., 8). 



Therefore, we can represent the conjugate momenta by differential operators 



P'a = 



d 


-pA ^ 


. d 




'dZA 


d 


\t _ 

^Aa - 


d 


OZa' 


d\Aa 



(2.48) 



"We assume that the topology of the membrane is sphere. 
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Then we obtain the following expressions for supercharges as 

Qa 



a/3 



d 1 . ■ 



Pi 



3 7 



7=1 



m=4 



d 



9 



A7 



(2.49) 



and its complex conjugate is given by 

Qi = 



g-^ri23i 



9 1.. 



+^ -^A(r/ri23)/37 + ^ -^r(rmri23)/37 



/=1 



m=4 



A7 



-V2 



9 



'q2~^Pi + ^/ABC-^_B^c(ri)/37 — ^■^^A(ri23)/37 ) Aa7 



In this representation, the superalgebra becomes 

7 



= V Mo™+ (r™ri23)„^ - 2y2z(^A^A (etri^^*^) 



m=4 



{QlM\} = -z|5^Mo™-(r„ri23)„^ + 2v^z^A^A(e-« 



ri23''" 



m=4 



a/3 



{Qa,QU = ^HS^P-^ J2^o'i^IJ^123)^p + ^ Yl Mri^mnT 



123 J a/3 



(2.50) 

(2.51) 
(2.52) 
(2.53) 



i,j=i 



m,n=4 



+2|m89 (ri23)„^ + 2 5^ y^A^i (r,)„^ + 2 ^ v^aXI' (r. 



ri23''" 



1=1 m=4 

where the zero-modes of angular momenta are represented by 



Mo" 



-iX'^ + iXi^ 

^dXi ^dX', 2 



d d 
-iXT-— + iX" 



dXl 



dX^ 2 



\ -prrm 
-AAi- 



d\A 
d 



d 



d 



Z 



V21 [xi 

d 



d 



d 



-Z 



OZa dXl 
d 



OXa 

1 
2 

1 d 



AaF^'Aa 



d 



2 d\A OXa 



Ixa^ + 2 ■ dimU{N) . 



'OZa 2 ^OXa 
11 



(2.54) 
(2.55) 
(2.56) 
(2.57) 
(2.58) 



and the constraint condition yj^ is expressed by 

It is assumed that physical states should satisfy the constraint condition i.e., <y9\l/phys = 0. Our 
purpose is to study the ground state. Thus, we shall also restrict ourselves to the 5*0(3) x 50(6) 
singlet satisfying 

M"^phys = M'^^^phys = M™±^phys = M^^^phy, = , (2.60) 

since the ground state should have no angular momenta. The discussion on the states with 
nonzero angular momenta would be also possible, but we do not consider them in this paper. 
Furthermore, the associated Hamiltonian is written down as 

H = ^{Qa,Qi} 

= ~2dX\dX\ ~ dzMl ^ if^^^f^^^^^X^Xl^X^^ (2.61) 

+ fABcfADEXB^C^D^E + -f ABC f ADE^ bZcZ dZ e 

+5(f)'Em)' + 5(0'E™' + (i)'^'*^'< + i E «.»/^Box;xiJf5 

1=1 m=4 I,J.K=1 

+ifABcX\XB^iTr{ \ — jeIabc ( Za^b^c — Zatzt—tzt—] — i^^A^usT-r- ■ 

dXc V2 V OXboXcJ 4 OXa 

Hereafter, by the use of the supercharges, the Hamiltonian, the angular momenta and the 
constraint condition, we will study the ground-state wave function analytically. 

3 Supersymmetric Quantum Mechanics of Zero-mode Hamiltonian 

In this section, we shall consider the zero-mode ground-state wave function. We can extract 
the zero-mode part of the djTiamical supercharges and the results are given by 



m=4 



(3.1) 



12 



and 



g(o)t = _ e"^r-- 



a/3 



7 



07 



(3.2) 



The zero-mode Hamiltonian H^^^ is obtained as 

= (3.3) 

where we defined the bosonic and fermionic Hamiltonians H^^ and H^^ by 



92 



2 (9X*(9X^ 9Zo9Zo 
2 



(f) Ew)'+5(i) (3.4) 

7=1 m=4 

-f^p'^ = ~^T'^0a(ri23)a/3^T • (3-5) 

4 CAo/3 

It is noted that the fermionic Hamiltonian for zero-modes is non-zero in the pp-wave case. 
Therefore, the nature of the supergravity multiplet is not simple and contains non-trivial results. 
The system described by the above zero-mode Hamiltonian resembles supersymmetric harmonic 
oscillator, although the supercharges do not commute with the Hamiltonian^. 

Here, let us study the spectrum of this system quantum mechanically. To begin, we decom- 
pose the wave function as "^^^ ® "^p^ ■ We would like to study the states of the system. We 
have to study the energy eigenvalue problem 

= {Eb + Ef)¥''^ = (3.6) 

Let us consider below the bosonic and the fermionic sectors, separately. 

To begin, we would like to consider the eigenvalue problem for the bosonic zero-mode 
Hamiltonian (0). The condition H^^¥^^ = ^b^b^ can be easily solved since the bosonic 



Hamiltonian describes a collection of bosonic harmonic oscillators. 



^ This system has already appeared in Ref. m as the Lagrangian for supcrparticles. 
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Now, we shall introduce annihilation operators 



6 



' 



V2y l/i 



6 



(1 = 1,2, 3), 
(m = 4, . . . , 7) 



6o = -y^.l—AVo-i^Z, 



(3.7) 
(3.8) 
(3.9) 



and creation operators 



/t 



mf 



6?; 



V2V 

z / 6 
6 



P^ + i^x! 



P^ + z^Xo- 



(/ = 1, 2, 3) 



[m 



7) 



72 V 

These operators satisfy the following relations, 



(3.10) 
(3.11) 
(3.12) 



5^ 



^0, &o 



1 . 



(3.13) 



By the use of the annihilation and creation operators, the bosonic zero-mode Hamiltonian 
can be rewritten as 



(0) 



(0) 



m 
3 



E«o^«o + ^ E«^^«^ + 2&o&o +|/i| 



1=1 



(3.14) 



\rn=A 



where we note that the bosonic energy does not become zero due to the presence of the zero- 
point energy. This zero-point energy plays an important role to ensure the positive definiteness 
of the total zero-mode Hamiltonian, as we will see in the study of the fermionic sector. 

As usual treatment, we can obtain all eigenstates and eigenvalues. The wave functions are 
given as the products of Hermite polynomials. In particular, the ground-state wave function is 
given by 



(0) 
BO 



37T J \6Tr 



3/2 



X exp 



1 H 

2 3 



1=1 



)2 _ i M 
2 6 



m\2 
) 



m=A 



6 



(3.15) 
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whose energy eigenvalue is that is, 

^BO - l/^l ^BO- 

Thus, the bosonic zero-mode Hamiltonian has a lower bound as follows: 

r(0) 



^B > lAi|- (3-16) 



Next, we shall consider the fermionic zero-mode Hamiltonian ( p.5|) . Here, we shall decom- 
pose the complex spinor A as 



2 

= A^ + A^. (3.17) 
By definition, A^'^- should satisfy 

zri23A^'^ = ±A^'^. (3.18) 
Now, we can rewrite the fermionic Hamiltonian as 

Let us consider the zero-energy condition Hp^'^p^ = 0. For example, \l/p°Q = const, is a trivial 
solution. A pair of A^ and A^ is also a solution 

vI/(°) - \^ \^ 

^F,0 ~ • 

Similarly, the following states 

\^ \J- \^ \^ \T \l \T \i \T \l \T \l \T \i \T \l \T \i /q nr)\ 

'^0ai'^0/3i^0a2'^0/32 ' '^Oai '^Oft ^0^2 ^0/32 '^Oaa '^O/Js ' ^Oai ^0/3i ^^0^2 '^O/Ja '^Oaa '^Ofe ^0^4 ^0/34 ' l-J-^U; 

also represent zero-energy states. When we note that 4 components of A^ or A^ are non-zero, 
the total number of the zero-energy states is 1 + 16 + 36 + 16 + 1 = 70. As a result, we can 
represent the zero-energy ground-state wave function of the fermionic zero-mode Hamiltonian 
as the linear combination of these states 

+C8Xla^Xl^i3^Xl^^Xl-,ij^Xl^.^Xl^p^Xl^^X^f^^ . (3.21) 
Moreover, we can construct nonzero-energy states containing even number of spinors: 

15 



• a state with the energy —fi, 

^la^lis-^o-y-^ls ' (3.22) 

• 6 + 16 + 6 = 28 states with the energy — /i/2, 

' -^Oa-^0/3-^OQi-^0/3i ' -^0/3i -^0a2 "^Oft ' (3.23) 

• 6 + 16 + 6 = 28 states with the energy +/i/2, 

\i \i \l \l \T \l \l \l \T \i \T \J. (o nA\ 

' ^00^0/3^001 ^0/3i ' ^Oa ^0/3 ^0«i ^Oft ^Oaa ^0/^2 ' {O.Z,^) 

• a state with the energy +fj,, 

■^L -^0/3-^07 '^oi ■ (3.25) 

We can also construct the fermionic sector of the supergravity multiplet as follows: 

• 4 + 4 = 8 fermionic states with the energy — 3/i/4, 

'^L'^O/3'^07 ' -^00-^0/3-^07-^001 -^0/32 ' (3.26) 

• 4 + 24 + 24 + 4 = 56 fermionic states with the energy — yu/4, 

\T \i \T \T \l \T \i \T \T \i \T \l \T \i /q oyN 

'^Oo ; ^^00^001^0/31' ^Oo^Ooi ^0/3i ^002 ^0/32 ' ^Oo^Ooi ^0/3i ^0o2 ^0/32 ^Ooa ^0/33 ' {O.Z,l) 

• 4 + 24 + 24 + 4 = 56 fermionic states with the energy +yu/4, 

\J. \J. \T \J. \i \T \J. \T \i \i \T \i \T \J. \T \i {Q 9c\ 

^Oo ) ^Oo^0oi^0/3i ' ^00^001^0/31^002^^0/32' '^Oo^Ooi ^0/3i ^0o2 ^0/32 ^Ooa ^^0/33 ' {O.Z.O) 

• 4 + 4 = 8 fermionic states with the energy +3/i/4, 

•^Oa-^O/3-^07 ' -^00-^0/3-^07-^001-^0/32 • (3.29) 

The resulting spectrum is listed in Table. |I[ In the pp-wave case, these states are splitting with 
an energy difference yu/4. The resulting 2(1 + 28 + 35) = 128 bosonic and the 2(8 + 56) = 
128 fermionic states correspond to the bosonic and the fermionic sectors of the supergravity 
multiplet in the fiat case. It is confirmed that the above bosonic and the fermionic states 
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Enpr(?v 





















Boson 
Fermion 


1 


8 


28 


56 


35 + 35 


56 


28 


8 


1 



Table 1: Spectrum of the fermionic zero- mode Hamiltonian: The numbers of the states at each energy 
level are listed. The above states form a supermultiplet under the action of the kinematical supersymmetries. 



correspond to the supergravity muhiplet in the flat case by noting that such states appear in the 
expansion of the ground-state wave function in the flat case as Aq,A/3 . . . = (Aj, + A^)(A^ + A^) . . .. 
These are the coefficients in front of the plane- wave in the flat case. If we take the /i — limit, 
then the above states with non-zero energies should have zero energies, that is, all of them 
should be degenerate. As a result, a 128 + 128 supergravity multiplet at the rest frame is 
recovered. 

Also, the resulting spectrum has the symmetry under fi —fi as noted in Ref. [§. More- 
over, the spectrum resembles that of superstring theories. That is, 1 + 28 + 35 or 8 + 56 looks 
like the spectrum of NS-NS, R-R or R-NS sector, although we cannot give any definite physical 
interpretation. 

Furthermore, the fermionic Hamiltonian is not positive definite, but it is bounded as 

-/i < i^F^ < (3.30) 

The bosonic zero-mode Hamiltonian has a lower bound as denoted in Eq. (|3.16| ) due to the pres- 
ence of the zero-point energy \fi\. Thus, we can easily find that the total zero-mode Hamiltonian 
is positive definite 

> 0. 

Thus, the zero-energy ground state of the total zero-mode Hamiltonian can be uniquely con- 
structed as| 

/i \3/4 . ^ .3/2 

3^) \6^) 



X -P ( ■ I E(^oT - ^ ■ f E W)^ - f l^oP ) , (3.31) 



1=1 m=4 



^We have fixed /i positive. If fi is negative, then A^'s arc replaced by A^'s. 
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which satisfies 

^(0)^(0) ^ Q 

Also, we can directly see that the above ground-state wave function is supersymmetric, i.e., 
Qa^'^o'^ = Qa^'^'^^Q^ = when the zero- modes of the dynamical supercharges are rewritten in 
terms of annihilation and creation operators as follows: 




One can see that the ground-state wave function ( p.31| ) is a singlet under the SO (3) x 5*0(6) 
as shown in Appendix 0. 

Now, we shall recall that the algebra of kinematical supersymmetries can be represented 

byS 

g- = Ao, Q-t = (3.34) 

We can see that the above bosonic and the fermionic states form a supermultiplet under the 
action of the kinematical supersymmetries. When we decompose the representation of the 
kinematical supercharges as 

Q- = Q-T + Q-^ 
Q-t = (g-T)t + (g~i)t, 

and {Q~ {Q~^ and (Q~^y ) lower (raise) the fermionic energy. It should be remarked 
that the states with different energies belong to a multiplet because the supercharges do not 
commute with the Hamiltonian. 

The story does not end here and we have to discuss the contribution of nonzero- modes (i.e., 
off-diagonal elements of the matrix variables), which will be studied in the next section. 

^Thc factor i can be absorbed into the infinitesimal parameter of the kinematical supersymmetry transfor- 
mation. 
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4 Nonzero-mode Ground-state Wave Function 



In this section, we discuss the nonzero-mode Hamihonian, its ground-state wave function and 
evaluate the L^-norm of the ground state. 

To begin, we shall consider the abelian part of the nonzero-mode Hamiltonian. According 
to the similar discussion to that on the zero modes, we can easily show the following bounds: 

HE > \fi\iN - 1) , -\^,\(N - 1) < HE < +\fi\iN - 1) , (4.1) 

where the lowest state of H^ is represented by 



N-l 



A=l 

Recalling that matrix variables are restricted to the Cartan subalgebra in the IR region, we can 
say that the nonzero-mode Hamiltonian is positive definite in the same way as the zero-mode 
Hamiltonian. Also, the associated ground-state wave function in the IR region is normalizable. 

We would like to consider the ground-state wave function of the nonzero-mode Hamiltonian 
including the interactions of non-diagonal elements of matrix variables. For this purpose, we 
have to solve two differential equations Q"^ = Q^'^ = 0, but it is quite difficult to solve them 
fully. In particular, the bosonic degrees of freedom for the S0{6) part seem difficult to study. 
So let us truncate the bosonic variables X* and Z into X' (/ = 1, 2, 3) (5*0(3) part) and also 
the 4-component spinors and into the 2-component ones, respectively. The truncation 
of the fermionic degrees is needed for the cancellation of the zero-point energy in the abelian 
parts of the nonzero-mode Hamiltonian. Such truncations modify the bounds of the abelian 
parts in bosonic and in fermionic nonzero-mode Hamiltonians respectively as 

HE > lim-l), -\mN-1) < HE < +\mN-1), (4.2) 

and the lowest state of the fermionic zero-mode Hamiltonian becomes 

N-l 



n ^Aa^Ap- 
n=l 

Therefore the above truncation preserves the positive definiteness in the IR region. 
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Now, the associated differential equations become simple forms 

d 



and 



a/3 



-gj^ - ^^A - -^fABCf^UKX-^X^^ ■ {-i{T j) 



+ 



0. 



g-^ri23T 



d 



al3 



d 



^■^A + -^fABC^IJKX'^B^c 



-z(r,; 



d 



Pi 



(4.3) 



-Jabc^uk^b^c 



d 



Pi 



(4.4) 



0. 



We can solve the differential equations ([4.3|) and ( |4.4|) , and obtain a special solution for the 
wave function of nonzero-modes 



(4.5) 



A=l 



n N 3(iV2-l)/4 
671 J 



1 /i 

2 ' 3 



3 

/=1 A=l 



(4.6) 



"'"3! X] X] fABC^UK^A^iX^ 
■ I,.J,K=l A,B,C=l 

This solution is supersymmetric and has zero energy. Moreover, we can easily see that this 
solution is an S0{?>) x 5*0(6) singlet and satisfies the constraint condition ( ^.59| ). However 
the function \1/b would not be square-integrable. In order to discuss the normalizability of this 
solution, let us set = 2 (i.e., SU{2) matrix model) for simplicity and evaluate the L^-norm 
of the above ground-state wave function H^E'gII as 



HdX^^l^a 

I,A 

OO POO 

dXl I dXl- 

■OO J — OO 



dXl \^!b? 



xl, 
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(4.7) 



where the / is defined by 

/oo POO POO 

dXl / dXl--- dXl e^^^e^/i , (4. 
-oo J —oo J —oo 



AJ=1 



+{xlf + {xlf + {xlf + {xlf + {xlf 
1 ^ 

/i = X] eABCf^uxX^^X'^X^ 

■ yi,B,c,/,J,ii'=i 



\a3 I \a2 I \^3 x^l 

—^1-^2-^3 +^1-^2-^3 +-^1-^2-^3 

XI \^3 v2 \r2 \rl \a3 I \^2 T^3 

1-^2-^3 ^ ^1^2-^3 + -^1-^2^3 ■ 



Here, we shall expand the /i part formally and evaluate the integral as follows: 

(4.9) 

n=0 l'^ J 

This formula is obtained by calculating several terms with lower orders in the expansion by 
using the Mathematica. Though we have no analytical proof, we guess this formula ( [4 .91) holds 
for general terms. As a result, we can evaluate the square integral of the bosonic ground-state 
as 

||v1>g|P = 1 + 0(1/ fx'). (4.10) 

That is, the normalizability condition can be at least expressed as the asymptotic series which 
can be approximated with any amount of accuracy in the large fi limit. In fact, the convergence 
radius of this series is zero and in this sense we can say that this series is an asymptotic series. 
The rath partial sum of this asymptotic series does not converge as ^ oo. However when /i 
is sufficiently large, we can take an nth partial sum for an appropriate finite n and calculate 
an approximate value of /. In this sense, we can write I as 

/~4vr^/V(trj^^^^^'^cite*^-2.^/^(|)"'\ 
Thus the corresponding wave function is not normalizable in the usual sense. 
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We note that the n = part corresponds to the kinematical contribution and that n 7^ 
parts to the dynamical contributions arising from non-diagonal elements of matrix variables. 
In the IR region, the matrix variables are restricted to the Cartan subalgebra. Therefore the 
system can be described by the abelian part of the Hamiltonian and the ground state is square- 
integrable. If we consider a situation that the system flows from the IR region to the UV one, 
then it might be understood that the dynamical effects coming from non-diagonal components 
of matrix variables are turned on and tend to spoil down the normalizability of the ground-state 
wave function. If we take the limit /i ^ 00, then we could sufficiently neglect contributions of 
off-diagonal elements (dynamical effects). It is also noted that the above series tends to diverge 
in the fiat limit /i — 0. 

Finally, we have a comment toward the full ground-state wave function. In the above 
derivation, we have truncated the bosonic and fermionic variables. But, it would be possible 
to avoid the truncation of the fermionic degrees. In this case, it seems that the numbers of 
the bosons and fermions are asymmetric. Our interpretations are as follows: First, it might be 
possible to decompose the ground-state wave function into the bosonic and fermionic parts as 
\l/ = \E^B ® ^F- It is no wonder since the fermionic Hamiltonian contains mass term and the 
well-known argument in the fiat space would not hold on the pp-wave. Therefore, if we suppose 
that such decomposition is possible, then it is not necessary that the bosonic wave function is 
identically zero. Second, the fermionic ground state might be completely determined by the 
mass term. When we express the fermionic Hamiltonian by H-p = ffYukawa_|_^mass^ ^^^q vacuum 
expectation value (VEV) is written as 

{^,Hf^) = (^, i/J"'^''"''^) + (^F, ''''^f) • (4.11) 

The VEV of the Yukawa coupling term contains the term (\&B; ^^b) and hence must vanish 
due to the requirement of an 5*0(3) x SO (6) symmetry for the ground state. On the other 
hand, it seems quite difficult to treat the full bosonic part. In particular, the treatment of the 
5*0(6) part seems hard to analyze. We also guess that the solution without the truncation of 
the fermionic variables could be obtained by setting X"^, Z to zero in the full solution. 

5 Conclusions and Discussions 

We have considered the ground-state wave function of the supermembrane on the pp-wave by 
introducing the complex-spinor notation [Spin{7) x f/(l) formalism). The superalgebra of the 
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complex supercharges has been also calculated. 

The zero-mode Hamiltonian and its ground state have been intensively studied. In par- 
ticular, we have shown that the zero-mode Hamiltonian is positive definite and explicitly con- 
structed the unique supersymmetric ground-state wave function as the product of ground states 
of bosonic harmonic oscillators and fermionic variables. This wave function is square-integrable. 
The ground state for the zero-mode is splitting in contrast to that of the fiat case, and the zero- 
mode Hamiltonian has the string-like spectrum. 

We have also investigated the nonzero-mode Hamiltonian and constructed an example of 
the supersymmetric ground-state wave function for the nonzero-mode with the truncation of 
variables in the N = 2 case. This ground state seems non-normalizable, but its L^-norm can 
be defined by an asymptotic series. This series diverges since its convergence radius is zero. 
The dynamical effects coming from non-diagonal elements of matrix variables are represented 
as corrections with order In the IR region, matrix variables are restricted to the abelian 

part, whose ground-state wave function is normalizable. We might expect that the interactions 
become stronger as the system flows from the IR region to the UV one. It might be considered 
that these dynamical contributions tend to spoil down the normalizability of the ground state, 
at least in our example of the ground state. It would be possible to obtain the full solution 
without the truncation. It would be nice to proceed the study of the nonzero-mode further. 
In particular, it is an interesting future problem to obtain the full nonzero-mode ground-state 
wave function. If this is possible, then one can diagonalize the nonzero-mode Hamiltonian and 
obtain the spectrum. Such results shed light upon the spectrum of the supermembrane in the 
flat space. Also, the extension of our example to an arbitrary is an interesting problem. 

There exist other interesting future problems. The study of the Witten index for the ground 
state 1^ seems very interesting since the energy of bosons is different from that of the corre- 
sponding fermions because the supercharges do not commute with the Hamiltonian. It would 
be also nice to consider the supermembrane on less supersymmetric backgrounds as discussed 
in p6|. 
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Appendix 



A Proof for the SO {3) x SO {6) Invariance of the Ground State 



We shall prove that the ground-state wave function ( p. 31 ) of the zero-mode Hamiltonian is 



invariant under the S0{3) x 5*0(6) transformation. The orbital part of the total angular 
momenta trivially vanish due to the expressions ( p.54| )-( p.58| ). The remaining problem is to 
show that the spin part vanishes. 

The spin part of ( p.54|) and (|2.55|) can be rewritten as 



s" = --Ajr"^--Air"^, 5"^" = --A5r™"^--Air"^"^, (A.i) 

2 ° aAj 2 ° 5Ai 2 ° 9AJ 2 ° dXi ^ ' 

since the matrices T'-' and F"^" commute with 2ri23 and the action of these matrices preserves 
the chirality. The action of parts including A^ trivially annihilate the state. The spin parts 
including A^ replace the Aqq,) with \l^{T'')aao, i^aiX"^"') aao) ■ It should be noted that the 
matrices T''' or F™'^ should map A^ to other A^ or zero since the T''' and F"^" are antisymmetric. 
Thus, the spin part leads to zero due to the overlap of A^'s. 

Next, we shall consider the spin parts ( |2.56| ) and ( p.57| ), which are rewritten as 



° 2 ° °' ° 2d\l dX^ ^ ' 



We can easily see that these spins vanish on the ground state ([3.311). 



Finally, let us consider the spin part of ( |2.58| ), which is given by 



2 dXl 2 5A^ 

The part containing A-'- trivially annihilates the state. The action of the part written by A^^ 
leads to the eigenvalue —2, which is canceled with the normal-ordering constant +2. 

The extension of the above proof to the nonzero-mode ground-state wave function discussed 
in the manuscript is a simple exercise. 



24 



References 



[1] J. Kowalski-Glikman, "Vacuum states in supersymmetric Kaluza-Klein theory", Phys. 
Lett. B 134 (1984) 194. 

[2] J. Figueroa-O'Farrill and G. Papadopoulos, "Homogeneous fluxes, branes and a maximally 
supersymmetric solution of M-theory", JHEP 0108 (2001) 036, |hep-th/010530^ . 



[3] R. Penrose, "Any spacetime has a plane wave as a limit". Differential geometry and rela- 
tivity, Reidel, Dordrecht, 1976, pp. 271-275. 

R. Giiven, "Plane Wave Limits and T-duality", Phys. Lett. B 482 (2000) 255, 
liep-th/0005061. 



[4] M. Blau, J. Figueroa-O'Farrill, C. Hall and G. Papadopoulos, "A new maximally supersym- 
metric background of IIB superstring theory", JHEP 0201 (2001) 047, |hep-th/0 110242 
"Penrose limits and maximal supersymmetry" , [hep-th/020108l| . 



[5] R.R. Metsaev, "Type IIB Green-Schwarz superstring in plane wave Ramond-Ramond back- 
ground", Nucl. Phys. B 625 (2002) 70, |hep-th/0112044| . 



[6] R.R. Metsaev and A. A. Tseytlin, "Exactly solvable model of superstring in plane wave 



Ramond-Ramond background ", Phys. Rev. D 65 (2002) 126004, ^-th/0202109 



[7] J.G. Russo and A. A. Tseytlin, "On solvable models of type IIB superstring in NS-NS and 
R-R plane wave backgrounds ", JHEP 0204 (2002) 021, [hep-th/0202T79| . 



[8] D. Berenstein, J. Maldacena and H. Nastase, "Strings in fiat space and pp waves from 
A/" = 4 Super Yang Mills", JHEP 0204 (2002) 013, |hep-th/0202021 . 



[9] E. Bergshoeff, E. Sezgin and P. Townsend, "Supermembranes and Eleven-Dimensional 
Supergravity", Phys. Lett. 189 (1987) 75. 

[10] E. Bergshoeff, E. Sezgin and P. Townsend, "Properties of the Eleven- Dimensional Super- 
membrane Theory", Ann. Phys. 185 (1988) 330. 

[11] B. de Wit, J. Hoppe and H. Nicolai, "On the Quantum Mechanics of Supermembranes", 
Nucl. Phys. B 305 (1988) 545. 



25 



[12] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, "M-theory As A Matrix Model: 
Conjecture", Phys. Rev. D 55 (1997) 5112, |hep-th/9610043| . 



[13] K. Dasgupta, M.M. Sheikh- Jabbari and M. Van Raamsdonk, "Matrix Perturbation Theory 
For M-Theory On a PP-Wave", JHEP 0205 (2002) 056, |hep-th/0205185| . 



[14] K. Sugiyama and K. Yoshida, "Supermembrane on the PP-wave Background" 
to appear in NucL Phys. B, |hep-th/0206070| . 



[15] T. Banks, N. Seiberg and S. Shenker, "Branes from Matrices", Nucl. Phys. B 490 (1997) 
91, piep-th/ 96 12157. 



[16] K. Sugiyama and K. Yoshida, "BPS Conditions of Supermembrane on the PP-wave" , to 



appear in Phys. Lett. B, |hep-th/0206132 



[17] N. Kim and J. Plefka, "On the Spectrum of PP-Wave Matrix Theory", |liep-th/0207034 . 
K. Dasgupta, M.M. Sheikh-Jabbari and M. Van Raamsdonk, "Protected multiplets of M- 
theory on a Plane Wave" , |hep-th/0207050| . 



N. Kim and J-H. Park, "Superalgebra for M-theory on a pp-wave" , |hep-th/ 0207061 



J.-H. Park, "Supersymmetric objects in the M-theory on a pp-wave" , [hep-th/0208161 
[18] R.C. Myers, "Dielectric-Branes" , JHEP 9912 (1999) 022, |hep-th/991005^ . 



[19] K. Sugiyama and K. Yoshida, "Giant Graviton and Quantum Stability in Matrix Model 
on PP-wave Background", to appear in Phys. Rev. D, [hep-th/ 0207190] . 



[20] D. Bak, "Supersymmetric Branes in PP Wave Background", |hep-th/ 0204033 



S. Hyun and H. Shin, "Branes from Matrix Theory in PP-Wave Background", 
to appear in Phys. Lett. B, |hep-th/0206090| . 

M. Alishahiha and M. Ghasemkhani, "Orbiting Membranes in M-theory on AdSr x 
Background", [hep-th/0206237. 



N. Kim, K.M. Lee and P. Yi, "Deformed Matrix Theories with N=8 and Fivebranes in the 
PP Wave Background" , |hep-th/0207264 . 

A. Mikhailov, "Nonspherical Giant Gravitons and Matrix Theory", |hep-th/0208077 . 



[21] K. Sugiyama and K. Yoshida, "Type IIA String and Matrix String on PP-wave" , to appear 
in Nucl. Phys. B, |iep-th/0208029| . 



26 



[22] M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle, "Superstrings in D = 10 from Superme- 
mbranes in D = 11", Phys.Lett.B 191 (1987) 70. 

[23] S. Hyun and H. Shin, "N=(4,4) Type IIA String Theory on PP-Wave Background", 
|hep-th/0208074 . 



[24] B. de Wit, M. Liischer and H. Nicolai, "The Supermembrane is Unstable", Nucl. Phys. B 
320 (1989) 135. 

[25] P. Yi, "Witten Index and Threshold Bound States of D-Branes", Nucl. Phys. B505 (1997) 
307, |hep-th/970409S . 

S. Sethi and M. Stern, "D-Brane Bound States Redux", Commun. Math. Phys. 194 (1998) 



675, |hep-th/9705046 



[26] K.M. Lee, "M-theory on Less Supersymmetric PP- Waves". |liep-th/0209009 



27 



